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MAJHMATIKES MEJODOI FUSIKHS

KwnstantÐnoc Sfètsoc, Kajhght c Fusik c
Genikì Tm ma, Panepist mio Patr¸n

Sunart seic Green kai efarmogèc

Perieqìmena

I Kataskeu  sunart sewn Green.
I Μέθοδος υπολογισμού με συρραφή λύσεων.

I Μέθοδος υπολογισμού με ιδιοσυναρτήσεις.

I Endeiktik� paradeÐgmata.
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K. SFETSOS Majhmatikèc Mèjodoi Fusik c

KATASKEUH SUNARTHSEWN GREEN

Orismìc kai qr sh sthn epÐlush DE

'Estw ìti zhteÐtai h lÔsh DE thc morf c

Lxy(x) = f (x) , x ∈ [a, b] (μπορεί να είναι ανοιχτό) , (1)

ìpou Lx eÐnai diaforikìc telest c kai f (x) dojeÐsa sun�rthsh.
H genik  thc lÔsh eÐnai

y(x) = yh(x) +
∫ b

a
dx ′G (x , x ′)f (x ′) , (2)

ìpou yh(x) h lÔsh thc omogenoÔc

Lxyh(x) = 0 , x ∈ [a, b] (3)

kai h G (x , x ′) eÐnai h legìmenh sun�rthsh Green pou ikanopoieÐ
thn DE Green

LxG (x , x ′) = δ(x − x ′) , x ∈ [a, b] . (4)
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Mèjodoc upologismoÔ me surraf  lÔsewn

'Estw ìti epizhtoÔme th sun�rthsh Green gia ton telest 

LxG (x , x ′) =
d
dx

(
p(x)

dG (x , x ′)
dx

)
+ q(x)G (x , x ′) = δ(x − x ′) . (5)

Gia x 6= x ′ h suneq c lÔsh sto x = x ′ eÐnai

G (x , x ′) = A
{

yL(x)yR (x ′) , x 6 x ′

yR (x)yL(x ′) , x > x ′

}
, (6)

ìpou yL,R epilÔoun thn omogen  DE ekatèrwjen tou x ′ kai
ikanopoioÔn tic sunoriakèc sunj kec sta �kra:

I Sto aristerì �kro gia x = a qrhsimopoioÔme thn yL(x).
I Sto dexÐ �kro gia x = b qrhsimopoioÔme thn yR(x).
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Lìgw thc parousÐac thc δ(x − x ′) sthn exÐswsh Green h pr¸th
par�gwgoc thc G (x , x ′) den mporeÐ na eÐnai suneq c.

I Oloklhr¸noume ka ta dÔo mèlh thc (5) sto di�sthma
x ∈ [x ′ − ε, x ′ + ε]∫ x ′+ε

x ′−ε
dx

d
dx

(
p(x)

dG (x , x ′)
dx

)
+

∫ x ′+ε

x ′−ε
dx q(x)G (x , x ′)

=
∫ x ′+ε

x ′−ε
dx δ(x − x ′) , (7)

ìpou ε to  misu tou eÔrouc tou diast matoc olokl rwshc.
Telik� ja p�roume to ìrio ε → 0.

I Ο 1ος όρος του αριστερού μέλους είναι ολική παράγωγος.

I Ο 2ος όρος του αριστερού μέλους τείνει στο μηδέν όταν

ε → 0 λόγω του πεπερασμένου των q(x) και G (x , x ′).
I Το δεξί μέλος είναι απλά 1.

I Telik� ap' thn asunèqeia thc pr¸thc parag¸gou èqoume

p(x ′)
(

dG
dx

∣∣∣
x=x ′+ε

− dG
dx

∣∣∣
x=x ′−ε

)
= 1 , (8)
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I Antikajist¸ntac thn parap�nw lÔsh èqoume

A
[
y ′R (x ′)yL(x ′)− y ′L(x ′)yR (x ′)

]
=

1
p(x ′)

.

I 'Omwc h èkfrash sthn parènjesh sto aristerì mèloc eÐnai
h Wronskian W kai wc ek toÔtou p(x)W (x) =stajer�, ap'
th genik  jewrÐa DE (na deiqjeÐ kai ¸c ['Askhsh]).

I 'Ara h stajer� A den exart�tai ap' to shmeÐo x ′ kai mporeÐ
na upologisjeÐ se opoiod pote shmeÐo x0 ∈ [a, b]

A =
1

W (x0)p(x0)
.

I Blèpoume ìti h Green upakoÔei thn idiìthta summetrÐac

G (x , x ′) = G (x ′, x) .

I Telik� h lÔsh thc Lxy = f (x) eÐnai thc morf c

y(x) = yh(x) + A
[
yR (x)

∫ x

a
dx ′ yL(x ′)f (x ′)

+ yL(x)
∫ b

x
dx ′ yR (x ′)f (x ′)

]
,

ìpou yh(x) h lÔsh thc omogenoÔc ['Askhsh].
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Mèjodoc upologismoÔ me idiosunart seic

'Estw ìti  dh èqoume epilÔei to prìblhma idiotim¸n

Lx ψn(x) = λnψn(x) , x ∈ [a, b] , (9)

me sugkekrimènec oriakèc sunj kec sta �kra tou diast matoc.

I An isqÔei gia tic idiotimèc λn 6= 0, ∀n, tìte h sun�rthsh
Green èqei thn ex c èkfrash

G (x , x ′) = ∑
n

ψn(x)ψ∗n(x ′)
λn

. (10)

I Qrhsimopoi¸ntac kai th sqèsh plhrìthtac

∑
n

ψn(x)ψ∗n(x ′) = δ(x − x ′) , (11)

eÔkola epalhjeÔetai h exÐswsh Green (4).

I Se perÐptwsh suneqoÔc f�smatoc to prohgoÔmeno
�jroisma antikajÐstatai   sunodeÔetai kai me
olokl rwma.
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Mhdenikèc idiotimèc kai tropopoihmènh sun�rthsh Green: An
èstw kai mia idiosun�rthsh antistoiqeÐ se mhdenik  idiotim  h
(10) den isqÔei. OrÐzoume thn tropopoihmènh sun�rthsh Green

Gmod(x , x ′) = ∑
λn 6=0

ψn(x)ψ∗n(x ′)
λn

, (12)

pou upakoÔei thn DE ['Askhsh]

LxGmod(x , x ′) = δ(x − x ′)− ∑
λn=0

ψn(x)ψ∗n(x ′) . (13)

Pìloi, idiotimèc kai idiosunart seic: Ac upojèsoume ìti h
idiotim  λ0 mhdenÐzetai gia sugkekrimènec epilogèc paramètrwn
kai èstw ψ0 h antÐstoiqh idiosun�rthsh.
H sun�rthsh Green sumperifèretai wc

G (x , x ′) ' ψ0(x)ψ∗0(x
′)/λ0 , λ0 → 0 . (14)

'Ara gnwrÐzontac thn sun�rthsh Green mporoÔme na
upologÐzoume tic idiosunart seic mhdenik c idiotim c.
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Me mikr  metatrop  tou parap�nw sullogismoÔ mporoÔme na
broÔme ìlec tic idiosunart seic mèsw thc exÐswshc Green

(Lx − λ)Gλ(x , x ′) = δ(x − x ′) , x ∈ [a, b] . (15)

pou exart�tai apì thn fasmatik  par�metro λ. Mèsw twn
idiosunart sewn èqei lÔsh

Gλ(x , x ′) = ∑
n

ψn(x)ψ∗n(x ′)
λn − λ

. (16)

EÐnai profanèc ìti:

I Oi pìloi thc Gλ(x , x ′) wc sun�rthsh tou λ antistoiqoÔn
stic idiotimèc λn.

I Kont� stouc pìlouc h Gλ(x , x ′) eÐnai an�logh tou
ginomènou thc antÐstoiqhc idiosun�rthshc sta shmeÐa x , x ′.

Gλ(x , x ′) ' ψn(x)ψ∗n(x ′)
λn − λ

, λ → λn . (17)
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ENDEIKTIKA PARADEIGMATA

Par�deigma 1o

Ac epilÔsoume th DE gia th sun�rthsh Green

d2G
dx2 = δ(x−x ′) , G = G (x , x ′) , 0 6 x , x ′ 6 1 ,

me oriakèc sunj kec

G
∣∣
x=0 = G

∣∣
x=1 = 0 .

Ekatèrwjen tou x ′ h lÔsh pou ikanopoieÐ tic oriakèc sunj kec
eÐnai thc morf c

G (x , x ′) =
{

Ax , x 6 x ′

B(x − 1) , x > x ′

}
.

H sunèqeia sto x = x ′ dÐnei th sunj kh

Ax ′ = B(x ′ − 1) =⇒ A = C (x ′ − 1) , B = Cx ′ ,

ìpou C mia nèa stajer�.
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H asunèqeia thc parag¸gou dÐnei

dG
dx

∣∣∣
x→x ′+

− dG
dx

∣∣∣
x→x ′−

= 1 =⇒ C = 1 .

Opìte
G (x , x ′) = x< (x> − 1) , (18)

ìpou x< (x>) to mikrìtero (megalÔtero) twn x , x ′. H parap�nw
lÔsh gr�fetai kai wc

G (x , x ′) =
1
2
|x − x ′|+ xx ′ − 1

2
(x + x ′) . (19)

I O ìroc 1
2 |x − x ′| eÐnai h sun�rthsh Green sthn pragmatik 

eujeÐa −∞ < x , x ′ < ∞ ['Askhsh]. O ìroc xx ′ − 1
2 (x + x ′)

epilÔei thn omogen  DE kai eÐnai anagkaÐoc gia na
ikanopoihjoÔn oi oriakèc sunj kec sta shmeÐa x = 0 kai 1.

I H parap�nw parat rhsh eÐnai qarakthristik  ìlwn twn
problhm�twn sunart sewn Green.
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Diaforetikèc oriakèc sunj kec: Ac upojèsoume tic

G
∣∣
x=0 =

dG
dx

∣∣∣
x=1

= 0 .

Epanalamb�nontac touc Ðdiouc me prin sullogismoÔc kai me
parìmoiec pr�xeic ['Askhsh].

G (x , x ′) = −x< =
{
−x , x 6 x ′

−x ′ , x > x ′

}
. (20)

Kat� analogÐa me thn (19) h parap�nw lÔsh gr�fetai kai ¸c

G (x , x ′) =
1
2
|x − x ′| − 1

2
(x + x ′) .
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Par�deigma 2o

Ac epilÔsoume th DE gia th sun�rthsh Green

d2G
dx2 − k2G = δ(x−x ′) , G = G (x , x ′) , 0 6 x , x ′ 6 1 ,

me oriakèc sunj kec

G
∣∣
x=0 = G

∣∣
x=1 = 0 .

H lÔsh eÐnai thc morf c

G (x , x ′) =
{

A sinh kx , x 6 x ′

B sinh k(x − 1) , x > x ′

}
.

H sunèqeia sto x = x ′ dÐnei th sunj kh

A sinh kx ′ = B sinh k(x ′− 1) ⇒ A = C sinh k(x ′− 1) , B = C sinh kx ′ ,

ìpou C mia nèa stajer�.
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H asunèqeia thc parag¸gou dÐnei

C =
1

k sinh k
.

Opìte

G (x , x ′) =
1

k sinh k
sinh kx< sinh k(x> − 1) . (21)

Shmei¸ste ìti sto ìrio k → 0 paÐrnoume thn (18).
Pìloi kai idiosunart seic: Ac jewr soume touc pìlouc G (x , x ′)
wc sun�rthsh thc paramètrou k . H fasmatik  par�metroc
λ = k2. Ap' thn (21) brÐskoume ìti oi pìloi eÐnai sta shmeÐa

kn = iπn , n = 1, 2, . . . , (22)

ìpou qrhsimopoÐhsa ìti sinh ix = i sin x . Ac upojèsoume ìti h k
teÐnei sto pìlo kn. Stì ìrio èqoume

G (x , x ′) ' −2 sin nπx sin nπx ′

n2π2 + k2 , k → kn (23)

SugkrÐnontac me thn (17) (epanalamb�netai gia eukolÐa)

Gλ(x , x ′) ' ψn(x)ψ∗n(x ′)
λn − λ

, λ → λn = k2
n , (24)
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brÐskoume ìti:

I Oi idiosunart seic kai idiotimèc tou telest  d2/dx2 eÐnai oi

ψn(x) =
√

2 sin nπx , λn = −n2π2 , n = 1, 2, . . . . (25)

I IkanopoioÔn tic oriakèc sunj kec ψn(0) = ψn(1) = 0, Ðdiec
me thn sun�rthsh Green.

Diaforetikèc oriakèc sunj kec: Ac upojèsoume tic

G
∣∣
x=0 =

dG
dx

∣∣∣
x=1

= 0 .

Me parìmoia diadikasÐa kai pr�xeic ['Askhsh]

G (x , x ′) = − 1
k cosh k

sinh kx< cosh k(x> − 1) .

Sto ìrio k → 0 paÐrnoume thn (20).
Se aut  thn perÐptwsh oi pìloi thc sun�rthshc Green eÐnai sta
shmeÐa kn = i(n + 1/2)π, n = 0, 1, 2, . . . . Wc ['Askhsh] deÐxte ìti
oi antÐstoiqec idiosunart seic eÐnai oi ψn ∼ sin(n + 1/2)πx .
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Par�deigma 3o

Ac upologÐsoume th sun�rthsh Green ap' th DE(
− d2

dx2 − 2γ
d
dx

+ m2
)

G (x , x ′) = δ(x − x ′) , −∞ < x < ∞ , (26)

me γ, m > 0, ètsi ¸ste h G (x , x ′) kai oi par�gwgoÐ thc na eÐnai
peperasmènoi gia |x |, |x ′| → ∞.

Mèjodoc 1h: Gia x 6= x ′ èqoume 2hc t�xhc grammik  DE me
stajeroÔc suntelestèc.

I H lÔsh eÐnai ['Elegqoc]

G (x , x ′) = e−γx
(
Ae
√

γ2+m2 x + Be−
√

γ2+m2 x
)

, x < x ′

kai

G (x , x ′) = e−γx
(
Ce
√

γ2+m2 x + De−
√

γ2+m2 x
)

, x > x ′ .
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I H apaÐthsh gia peperasmènec timèc gia |x | → ∞ dÐnei
B = C = 0.

I H sun�rthsh Green eÐnai suneq c sto x = x ′ opìte

G (x , x ′) = E e−(γ(x−x ′)+
√

γ2+m2|x−x ′ |) .

I Ap' thn asunèqeia thc parag¸gou sto x = x ′

dG
dx

∣∣∣
x→x ′−ε

− dG
dx

∣∣∣
x→x ′+ε

= 1 =⇒ E =
1

2
√

γ2 + m2
.

I Telik� h sun�rthsh Green eÐnai

G (x , x ′) =
1

2
√

γ2 + m2
e−(γ(x−x ′)+

√
γ2+m2|x−x ′ |) . (27)
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DiakrÐnoume tic ex c oriakèc peript¸seic:

I Jètontac γ = 0 sthn (27) èqoume

G (x , x ′) =
1

2m
e−m|x−x ′ | .

I Jètontac m = 0 sthn (27) èqoume

G (x , x ′) =
1
2γ

{
e−2γ(x−x ′) , x > x ′

1 , x < x ′

}
. (28)

Aut  den eÐnai h piì genik  peperasmènh lÔsh gia
|x |, |x ′| → ∞ giatÐ den qrei�zetai na p�roume th stajer�
C Ðsh me mhdèn. Aut  h stajer� mporeÐ na prostejeÐ sthn
(28) miac kai apoteleÐ lÔsh thc omogenoÔc sthn (26).
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Mèjodoc 2h: AnaptÔssoume se olokl rwma Fourier

G (x , x ′) =
1

2π

∫ ∞

−∞
dk e−ikxGk (x ′)

kai brÐskoume ìti

Gk (x ′) =
e ikx ′

k2 + 2iγk + m2 ,

opìte ['Askhsh]

G (x , x ′) =
1

2π

∫ ∞

−∞
dk

e ik(x ′−x)

k2 + 2iγk + m2 .

Oi pìloi eÐnai sta shmeÐa k± = (−γ±
√

γ2 + m2)i . An x > x ′

(x < x ′) jewroÔme wc perÐgramma olokl rwshc to hmikÔklio
sto k�tw (p�nw) mèroc tou migadikoÔ epipèdou pou perikleÐei
to k− (k+) kai brÐskoume to apotèlesma (27) ['Askhsh].
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Par�deigma 4o

Ac upologÐsoume thn sun�rthsh Green tou telest 

Lx =
d2

dx2 , x ∈ [0, 1] ,

mèsw twn idiosunart sewn tou kai me oriakèc sunj kec
mhdenismoÔ sta �kra.

I Oi idiosunart seic pou ikanopoioÔn ψn(0) = ψn(1) = 0
eÐnai

ψn(x) =
√

2 sin nπx , n = 1, 2, . . . ,

me idiotim  En = −π2n2.

I IkanopoioÔn th sqèsh orjogwniìthtac∫ 1

0
dxψ∗n(x)ψm(x) = 2

∫ 1

0
dx sin nπx sinmπx = δn,m .
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I Qrhsimopoi¸ntac ìti

∞

∑
n=−∞

e inx = 2π δ(x) , −π < x < π ,

mporeÐ na deiqjeÐ ìti ikanopoioÔn kai th sqèsh plhrìthtac
['Askhsh]

∑
n

ψ∗n(x)ψn(x ′) = δ(x−x ′) .

I 'Eqoume

G (x , x ′) = − 2
π2

∞

∑
n=1

sin nπx sin nπx ′

n2

=
1

π2

∞

∑
n=1

cos nπ(x + x ′)
n2 − cos nπ(x − x ′)

n2
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I Qrhsimopoi¸ntac th apeiroseir�

∞

∑
n=1

cos nz
n2 =

π2

6
− πz

2
+

z2

4
, 0 6 z 6 2π ,

I èqoume telik�

G (x , x ′) =
1
2
|x − x ′|+ xx ′ − 1

2
(x + x ′) .

H teleutaÐa èkfrash den eÐnai par� h (19), dhlad  aut 
pou br kame me surraf  twn lÔsewn.

H sumpl rwsh twn anagkaÐwn bhm�twn stouc parap�nw
upologismoÔc af netai wc ['Askhsh].
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Par�deigma 5o

H exÐswsh Green gia ton telest  Laplace ston trisdi�stato
eleÔjero q¸ro eÐnai

∇2G (x, x′) = −4π δ(3)(x− x′) , (29)

Oi idiosunart seic tou telest  Laplace eÐnai

Ψk(x) =
e ik·x

(2π)3/2 ,

me idiotim  −k2. Autèc eÐnai  dh kanonikopoihmènec ètsi ¸ste∫
R3

d3x Ψ∗
k(x)Ψk′(x) = δ(3)(k− k′) . (30)
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Gia thn sun�rthsh Green èqoume

G (x, x′) = 4π
∫

d3k
Ψ∗

k(x)Ψk(x′)
k2

=
1

2π2

∫ ∞

0
dk

∫ π

0
dθ sin θ

∫ 2π

0
dφ e ikR cos θ , R = x− x′ ,

ìpou qrhsimopoÐhsa sfairikèc suntetagmènec kai di�lexa ton
�xona z sth dieÔjunsh tou R.

I To olokl rwma wc proc φ dÐnei èna par�gonta 2π, h de
olokl rwsh wc proc θ eÐnai∫ π

0
dθ sin θ e ikR cos θ =

∫ 1

−1
dα e ikRα =

2
kR

sin kR ,

ìpou �llaxa th metablht  olokl rwshc se α = cos θ.
I H telik  olokl rwsh wc proc k eÐnai

G (x, x′) =
2

πR

∫ ∞

0
dk

sin kR
k

=
1
R

, (31)

Sta plaÐsia tou hlektromagnhtismoÔ eÐnai to pedÐo
monadiaÐou shmeiakoÔ fortÐou ston eleÔjero q¸ro.
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Ac jewr soume thn Ðdia DE Green (29) all� ston hmiq¸ro
z > 0 kai me oriak  sunj kh G |z=0 = 0.

I Oi kat�llhlec idiosunart seic eÐnai oi

Ψk(x) =
2

(2π)3/2 e i(k1x+k2y ) sin k3z ,

me idiotim  −k2 kai −∞ < k1, k2 < ∞, 0 < k3 < ∞. H
kanonikopoÐhs  touc eÐnai ìpwc sthn (30).

I Akolouj¸ntac parìmoia diadikasÐa mporeÐ na deiqjeÐ
['Askhsh] ìti

G (x, x′) =
1√

(x − x ′)2 + (y − y ′)2 + (z − z ′)2

− 1√
(x − x ′)2 + (y − y ′)2 + (z + z ′)2

.

I Sta plaÐsia tou hlekromagnhtismoÔ autì eÐnai to
dunamikì monadiaÐou shmeiakoÔ fortÐou p�nw apì
geiwmèno apeÐrwn diast�sewn agwgì sto z = 0 kai o 2oc
ìroc eÐnai to pedÐo tou eid¸lou tou.
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Ti ja �llaze an h oriak  sunj kh sto z = 0  tan ∂zG |z=0 = 0?

I S' aut n th perÐptwsh oi kat�llhlec idiosunart seic eÐnai

Ψk(x) =
2

(2π)3/2 e i(k1x+k2y ) cos k3z ,

me idiotim  −k2 kai −∞ < k1, k2 < ∞, 0 < k3 < ∞. H
kanonikopoÐhs  touc eÐnai ìpwc sthn (30).

I Akolouj¸ntac parìmoia diadikasÐa mporeÐ na deiqjeÐ
['Askhsh] ìti

G (x, x′) =
1√

(x − x ′)2 + (y − y ′)2 + (z − z ′)2

+
1√

(x − x ′)2 + (y − y ′)2 + (z + z ′)2
.

I Sth Fusik  aut  mporeÐ na parist�nei th jermokrasÐa
stajer c kat�stashc ston hmiq¸ro z > 0 exaitÐac
shmeiak c phg c jermìthtac p�nw apì apeÐrwn
diast�sewn monwt  sto z = 0.
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Par�deigma 6o

Ac jewr soume thn exÐswsh Green ston trisdi�stato eleÔjero
q¸ro

(∇2 −m2)G (x, x′) = −4π δ(3)(x− x′) . (32)

Gia thn sun�rthsh Green èqoume

G (x, x′) = 4π
∫

d3k
Ψ∗

k(x)Ψk(x′)
k2 + m2

=
1

2π2

∫ ∞

0
dk

k2

k2 + m2

∫ π

0
dθ sin θ

∫ 2π

0
dφ e ikR cos θ ,

ìpou qrhsimopoÐhsa tic idiosunart seic tou telest  Laplace
(30), sfairikèc suntetagmènec kai di�lexa ton �xona z sth
dieÔjunsh tou R = x− x′.

I To oloklhr¸mata wc proc φ kai θ eÐnai ìpwc kai prÐn kai
dÐnoun ton par�gonta

4π
sin kR
kR

.
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I H telik  olokl rwsh wc proc k eÐnai

G (x, x′) =
2

πR

∫ ∞

0
dk

k
k2 + m2 sin kR

=
e−mR

R
. (33)

To olokl rwma upologÐzetai me mejìdouc migadik c
an�lushc.

I H exÐswsh Green pou epilÔsame emfanÐzetai se jewrÐec
pedÐou stic opoÐec oi foreÐc twn allhlepidr�sewn eÐnai
swmatÐdia m�zac m.
P.q. ta swm�tia W± kai Z twn asjen¸n
allhlepidr�sewn, en antijèsei me to fwtìnio ton
hlektromagnhtik¸n.

I Το αντίστοιχο δυναμικό είναι της μορφής (33) και

ονομάζεται δυναμικό Yukawa.
I Χαρακτηριστική είναι η εκθετική πτώση του δυναμικού με

σταθερά 1/m. Για μικρές αποστάσεις συμπεριφέρεται ως
δυναμικό Coulomb.
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Enallaktikìc trìpoc epÐlushc thc exÐswshc Green: JewroÔme
sfairik¸c summetrik  lÔsh exartìmenh ap' thn metablht  R ,
thc morf c

G (R) =
F (R)

R
. (34)

I F (R) prèpei na eÐnai mia omal  sun�rthsh tou R kai na
ikanopoieÐ F (0) = 1.

I H 1/R ex�rthsh gia R → 0, eggu�tai thn emf�nish thc
δ-sun�rthshc sto dexÐ mèloc thc (32).

I Gia sfairik¸c summetrikèc lÔseic kai antikajist¸ntac thn
(34), h (32) gr�fetai:

1
R2

d
dR

(
R2 dG

dR

)
−m2G = 0 =⇒ d2F

dR2 −m2F = 0 .

H fusik¸c apodekt  lÔsh thc teleutaÐac eÐnai h F = e−mR .
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Par�deigma 7o

JewroÔme thn exÐswsh Green ston didi�stato eleÔjero q¸ro

(∇2 −m2)G (x, x′) = 2πδ(2)(x− x′) . (35)

Oi idiosunart seic tou telest  Laplace eÐnai

Ψk(x) =
e ik·x

2π
,

me idiotim  −k2. Autèc eÐnai  dh kanonikopoihmènec ètsi ¸ste∫
R2

d2x Ψ∗
k(x)Ψk′(x) = δ(2)(k− k′) . (36)

H sun�rthsh Green eÐnai (me qr sh polik¸n suntetagmènwn)

G (x, x′) = −2π
∫

d2k
Ψ∗

k(x)Ψk(x′)
k2 + m2

= − 1
2π

∫ ∞

0
dk

k
k2 + m2

∫ 2π

0
dφ e ikR cos φ , R = x− x′ .
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I To olokl rwma wc proc φ dÐnei∫ 2π

0
dφ e ikR cos φ = 2πJ0(kR) ,

ìpou J0(x) h sun�rthsh Bessel.
I H telik  olokl rwsh wc proc k eÐnai

G (x, x′) = −
∫ ∞

0
dk

k
k2 + m2 J0(kR)

= −K0(mR) , (37)

ìpou K0(x) h tropopoihmènh sun�rthsh Bessel 2ou eÐdouc.
I Qrhsimopoi¸ntac idiìthtec thc K0(x):

I Για μικρές αποστάσεις βρίσκουμε

G (x, x′) ' ln(mR) , για mR � 1 ,

που είναι η λύση της εξίσωσης Green στον ελεύθερο
διδιάστατο χώρο.

I Παρατηρούμε την εκθετική πτώση πτώση τύπου Yukawa

G (x, x′) ' −
√

π

2mR
e−mR , για mR � 1 ,

όπως επισημάναμε και στο προηγούμενο παράδειγμα.
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Enallaktikìc trìpoc epÐlushc thc exÐswshc Green: JewroÔme
sfairik¸c summetrik  lÔsh G (R). Tìte èqoume

1
R

d
dR

(
R

dG
dR

)
−m2G =

δ(R)
R

Jètontac mR = x kai qrhsimopoi¸ntac ìti δ(x/m) = mδ(x),

xG ′′ + G ′ − xG = δ(x) .

I Aut  eÐnai h tropopoihmènh exÐswsh Bessel me deÐkth ν = 0,
me th diafor� ìti to dexÐ mèloc thc èqei δ(x). Oi lÔseic thc
eÐnai I0(x) kai K0(x), ek twn opoÐwn h deÔterh eÐnai
an�logh tou ln x , gia x � 1.

I H lÔsh me fjÐnousa sumperifor� gia mR � 1 eÐnai
an�logh thc K0(mR).

I Lìgw tou ìti K0(mR) ' − ln(mR), gia mR � 1 kai prèpei
na èqoume G ' ln(mR), h stajer� analogÐac prèpei na
eÐnai −1. To apotèlesma eÐnai h (37).
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